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ABSTRACT 
The problem of finding the possible classes of solution of different nonlinear equations seems to be of a 
great importance for many applications. In the context of the theory of self-organization it is interpreted 
as finding all possible structures which arise and preserve themselves in the corresponding unbounded 
nonlinear medium. First, results on the numerical realization of a class of blow-up invariant solutions of 
a nonlinear heat-transfer equation with a source are presented in this article. The solutions considered 
describe a spiral propagation of the inhomogeneities in the nonlinear heat-transfer medium. We have found 
initial perturbations which are good approximations to the corresponding eigen functions of combustion 
of the nonlinear medium. The local maxima of these initial distributions evolve consistent with the 
self-similar law up to times very close to the blow-up time. 
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INTRODUCTION 

The existence of spiral waves is a common property of many open, nonlinear systems. Spiral 
waves are observed experimentally in certain two-dimensional chemical and biological systems1,2. 
During the last 15 years many specialists have studied the existence and the behaviour of 
spiral-wave solutions of the mathematical models of such systems. For example, spiral wave 
solutions are obtained and analyzed for reaction-diffusion systems3,4, λ-ω systems5, the 
Kuramoto-Tsuzuki equation6,7 and the Ginsburg-Landau equation8. In the Ph.D. Thesis of 
S. R. Svirshchevskii (1985) blow-up spiral wave solutions of the nonlinear heat-transfer equation 
with a source: 

were found by the method of invariant-group analysis, but their numerical realization was until 
now an unsolvable problem. Equation (1) models the combustion of a two-dimensional nonlinear 
medium with parameters σ>0 , β> 1 in polar coordinates. It is one of the simplest models of 
open nonlinear systems and hence, very important to investigate. 
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The above mentioned invariant solution is9-11: 

Here, T0 is the blow-up time, C0 is a parameter of the family of solutions, the function 
satisfies the following nonlinear elliptic equation: 

The functions defining the space-time structure of the invariant solutions (2) are said to 
be eigen functions of combustion12 of the nonlinear medium, described by equation (1). Without 
loss of generality we set T0 = (β— 1 ) - 1 and then equation (3) will have θH ≡ 1 as homogeneous 
solution. 

The case Co=0 is analyzed in13-15. Complex symmetries solutions (different from radially 
symmetrical) of equation (3) for C0=0 are found there and numerical methods for computation 
of such solutions are proposed. 

This paper is devoted to the numerical investigation of the combustion of the medium which 
is consistent with the non-radially symmetrical solutions (2) when Co≠0. As mentioned in 9,10, 
if at the initial time the temperature profile has inhomogeneities (for example, local maxima) 
then their trajectories will be logarithmic spirals—denoting by (r(t), (φ(t)) the coordinates of such 
an inhomogeneity at time t we get: 

It is clear that the propagation direction for fixed C0 depends on the relation between σ and β: 
for β<σ+1 (the so-called HS evolution9,12) the movement is directed from the centre along the 
spiral, for β>σ +1 it is directed towards the centre (LS evolution). At β=σ+1 (S evolution) the 
spirals degenerate into circles. 

The numerical experiments show, that it is not possible to realize a spiral propagation of the 
inhomogeneities in the nonlinear heat-transfer medium taking arbitrary initial data. That is why, 
as it is noted in11 , a very important, but difficult problem is the construction of the eigen functions 
θ(ξ,Φ). Here we propose and calculate some approximations to θ(ξ,Φ) and investigate their 
evolution in time. 

Subsequently we linearize equation (3) with respect to the homogeneous solution θH≡ 1. We 
find particular solutions of the form where k is an integer, of the linear equation 
obtained. It occurs that Rk(ξ) are the Bessel functions of a complex variable (β=σ+1) or the 
confluent hypergeometric function of a complex parameter (β≠σ +1). We investigate the structure 
of the linearized approximations depending on the parameters σ, β, C0 and k. 

We analyze, numerically, the evolution in time of the linearized approximations in the case 
when β<σ+1 . The numerical experiments show that if these approximations are close to θH 
they are 'almost' the sought-after eigen functions. Then the evolution of their maxima is consistent 
with the law (4) up to times very close to the blow-up time. 

We describe the numerical method used for solving the problem (1) with the appropriate 
boundary and initial conditions. It is the semidiscrete finite element method with interpolation 
of the nonlinear coefficients and lumped mass matrix. To solve the resulting system of ordinary 
differential equations in time, we use an explicit method with control of the accuracy and the 
relative stability and an automatic choice of the time step. Two special modifications of the 
method are made in order to satisfy the periodic boundary conditions and to ensure that u(t,0,φ) 
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does not depend on φ. The verification of the proposed method is achieved by solving two 
model problems with known solutions—a non-singular in time solution and a singular one. 

LINEARIZED EQUATION AND ITS PARTICULAR SOLUTIONS 

In order to describe the behaviour of the eigen functions in the region where they are 
non-monotonic, we use the proposed linearization method in12-14 with respect to the homogeneous 
solution θH= 1. This approach is based on the hypothesis that in some region the oscillations 
of the eigen functions θ(ξ,Φ) near θH are small: 

θ(ξ,Φ)=1 + αy(ξ,Φ), |αy|<<1 
a is a parameter. Introducing this in (3) and keeping only the linear terms in ay we obtain: 

We seek particular solutions of the kind: 

In order to have Yk(ξ,Φ) = Yk(ξ,Φ + 2π) the parameter k should be integer. The radially-symmetric 
case corresponds to k=0 and it is investigated in9,12,16. In what follows we assume k≠0. The 
function Rk(ξ) satisfies the equation: 

We seek solutions of (7) only for k>0 because, if Rk(ξ;C0) is a solution for fixed k and C0, it 
is also a solution for — k and — C0—i.e. we can choose: 

Rk(ξ,C0)=R-k(ξ,-C0), k<0 (8) 
Looking for bounded at ξ=0 solutions, we find: 

For β=σ + 1 
Rk(ξ)=Jk(z), z=(σ+C0ki)1/2ξ (9) 

where Jk(z) is the Bessel function of the first kind of order k. 
For β≠σ + 1 

where iF^afoz) is the confluent hypergeometric function. 
The corresponding solutions Yk(ξ,Φ) are complex, but their real and imaginary parts (and any 

linear combination of theirs) are solutions of (5) too. Note that Yk(0,Φ)=const is a natural 
condition when polar coordinates are used (in our case Yk(0,Φ)=0, k≠0). We investigate only 
the real part of (6) because from the representation: 

it follows that: 
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where 

Let and let us denote by the solution for fixed C0. 
Using (11) it is easy to obtain: 

Further from the relationships: 

and (8) we get: 
That is why we only examine the case k>0, Co>0. 

Asymptotic expansions of Jk(z) and 1F1(a.b.z) yield the formulas17,18: 

Hence if β<σ+1 using (16) we get |Rk(ξ)|ξ→∞→0. When β= σ+1 (and C0k≠0) or β>σ+1 it 
follows from (13)or(15) respectively that |Rk(ξ)|ξ→∞→∞. If β=σ+1 and C0k=0 then |Rk(ξ)|ξ→∞→0. 

In Figure 1 the contours of some of the functions yk(ξ,Φ) for different parameters σ, β, C0 
and k are shown (in Cartesian coordinates). Figure 1a to If illustrate the case β<σ+1 , 
Figure 1g—β = σ + 1, Figure 1h—β>σ +1. 

Figure 1a to 1c show the evolution of the shape of yk(ξ,Φ) depending on the parameter C0 
(C0=0;0.1;l); the other parameters are σ = 2, β=2.4<σ+ 1,k = 2 (two-armed spirals). Figure 1d 
shows the one-armed spiral (k = 1) for the same σ, β, and C0 = 1 and Figure 13—the three-armed 
spiral for Co=0.5. The one-armed spiral in Figure If is for σ=2, β=2.8, C0= 1. Figure 1g and 
Figure 1h show the one-armed spirals for σ = 2, C0 = 1, β = 3 = σ + 1 and p=3.4>σ+1, respectively. 
These and the other experiments we have done show how the structure of the linearized 
approximations depend on the parameters σ, β, C0 and k. For a fixed k and β<σ+1 the density 
and the core of the spirals increase with C0 or when β→σ+1 —0. The core of a spiral is the 
circle Vξ0 (0) of radius ξ0 around the origin, out of which: 
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for some small δ. For β≥σ+1 the density of the spirals increases with C0 or when β→σ+1+0 
and the cores of the spirals are infinite. For fixed σ, β, C0 the density and the maxima of the 
spirals increase with k. The spirals are not logarithmic, but for β<σ+1 (β>σ+1) and large ξ 
they are close to the logarithmic spirals with parameter s(—s) defined in (4). For β=σ +1 and 
large ξ they are the Archimedean ones. 

To calculate Jk(z) and 1F(ab,z) for complex values of z and a respectively, we worked out 
two algorithms. The first one is based on the expansions17: 

and on the formula17: 
1F-1(a,b,z) = ez

1F1(b-a,b,-z) for β<σ+1. 
We use the expansion for 1F1(b—a,b,—z) because in this case the expansion for 1F-1(a,b,z) has 

very large alternating terms. 
The second algorithm is based on some rational approximations. For β=σ+1 we use the 

approximations19: 

and the relationship17: 

For β≠σ+1 we use18: 

We also checked our results for large ξ with the asymptotic expansions (13), (14). 

EVOLUTION OF THE LINEARIZED APPROXIMATIONS 

The analysis of the structure and the behaviour of the linearized approximations shows that the 
assumption for small oscillations of the eigen functions near θH= 1 might be correct only in the 
case when β<σ+1. That is why we examine only the evolution in time of these linearized 
approximations. 

Let us note that in the radially symmetrical case for β≤σ+1 (as proved in12) a continuous 
set of eigen functions tending at infinity to the homogeneous solution θH exists. It seems that 
for β<σ+1 there exists a continuous set of non-symmetric solutions as well. 
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Let: 

where yk(r,φ) = |Rk(r)|cos(arg(Rk(r) + kφ)), Rk is given by (9) or (10), a, 9 and r0 are constants. In 
the examples below r0 is chosen so that the circle Vro(0) is the core of the spiral for δ=0.01 (see (17)). 

We solve, numerically, the initial boundary-value problem: 

We choose the length R = R(t)>>r0 so as to avoid the influence of the boundary condition (21) 
on the numerical solution. Note, 0 defined by (18) satisfies (25) and, therefore, it can be chosen 
as initial data. 
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Let us introduce the self-similar representation of the solution u(t,r,φ)corresponding 
to the initial data u0(r,φ): 

If is an eigen function it is obvious that 

Moreover, if (26) holds then u0(r,φ): will be an eigen function. 
In the following examples, some of the linearized approximations are chosen as initial 

data. For sufficiently small values of the parameter a they are 'almost' eigen functions in the 
sense of (26) and the corresponding blow-up times are approximately equal to the exact 
blow-up time T0=(β—1)-1. By the time reached in calculations is denoted assuming that 
the stop-criterion is Τ<10-16, Τ being the time step. Of course (26) is not satisfied exactly due 
to the following three reasons: 

• is an approximation to some of the eigen functions; 
• the problem is solved numerically; 
• the self-similar solution (2) is not stable in Lyapunov's sense and probably it is not structurally 

stable. The self-similar solution, corresponding to the eigen function is called 
structurally stable12 if there exists a class of initial perturbations so that for 
their self-similar representations it holds: 

Example 1 
The function with parameters σ=2, β=2.4, k = 1, C0 = 1, α=0.01, 9 = 1 is used as initial 

data. The evolution in time of this linearized approximation is shown in Figure 2. The calculated 
blow-up time To=0.714304 is very close to the exact self-similar blow-up time T0 = 1/(β— 1) = 
0.714285. In Figure 3a the positions at some times of the local maximum of are marked—for 
0 < t < 0.7128 = 99.79% they are the nearest meshpoints to the drawn self-similar trajectory 
(4). On the asymptotic stage the maximum stops and the solution grows as a radially symmetrical 
solution. This asymptotic behaviour is observed in all of the following examples. 

Let us define the error: 

Table 1 contains the maximum of the solution, the errors ∆θi, i= 1 4, and the ratio for 
different times t. By ∆θi, i=1,2,3, the errors at the point of the minimum of the solution, at the 
origin and on the boundary (r=R(t)) are denoted, ∆θ4 is the maximal value of ∆θ in the core 
of the spiral for δ=0.1. Let us note that ∆θ4<0.01 for 0<t <0.5345 = 74.83% 

This fact, the excellent re-establishment of the blow-up time and the self-similar law of motion 
of the maximum allow us to assume that the initial perturbation is an 'almost' eigen 
function. 

Example 2 
Here we analyze what happens if we increase the value of a. For α=0.1 the calculated blow-up 

time =0.7138 is close to the exact blow-up time T0, for α=1 it differs essentially from 
T0— =0.5878. In Figure 3b and 3c the trajectories of the maximum of the solution for α=0.1 
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Table 1 Comparison between the self-similar representation and the linearized approximation for Example 1 

t 

0.000000 
0.170535 
0.398423 
0.534493 
0.672251 
0.712678 
0.714301 

umax 

1.0094 
1.2265 
1.8079 
2.7040 
7.6359 
78.243 
8761.5 

∆θ1 

0.0∙100 

1.9∙10-5 

3.6∙10 - 5 

4.8∙10 - 5 

2.7∙10 - 4 

1.0∙10 -2 

4.7∙10 - 1 

∆θ2 

0.0∙100 

2.5∙10 -5 

4.2∙10 -5 

4.4∙10 -5 

6.0∙10 -6 

8.2-10-4 

1.0-10-1 

∆θ3 

0.0∙100 

3.8∙10 -6 

3.1∙10 -5 

8.9∙10 -5 

4.8∙10 - 4 

4.2∙10 - 3 

3.9∙10 -1 

∆θ4 

0.0∙10° 
2.9∙10-5 

5.3∙10-5 

9.6∙10-3 

1.0∙10-3 

1.1∙10-2 

4.7∙10 - 1 

0.0000% 
23.8743% 
55.778% 
74.8271% 
94.1127% 
99.7724% 
99.9996% 

and α=1, respectively, are shown. In spite of the fact, that for α=1 the initial data 
differ essentially from the homogeneous solution, the maximum moves along the self-similar logarithmic 

spiral for 0<t<0.3987 = 67.83% 

Example 3 
This is an example of a finite initial perturbation (3=0) whose maximum moves in consistency 

with the self-similar law up to time In this case α = 1, the other 
parameters are as in the previous examples. The law of motion of the maximum is the same as 
for 9 = 1 (see Figure 3c). Almost the same are the values of both solutions in the point of the 
maximum and in the centre of the spiral on the same times. This independence of the core of 
the solution from the space-homogeneous part is also observed in the Example 5. 

Example 4 
Figure 3d shows the motion of the maxima of for σ=2, β=2.8, k=1, C0 = 1, α=0.01, 

9=1. The blow-up time obtained is =0.55546≈T0 =0. For 0<t<0.5536=99.65% the 
maxima are on the corresponding self-similar trajectories. The first and the second maximum 
disappear at times 0.555477 and 0.5549, respectively. If by ∆θ4 the maximal value of A6 in the 

core of the spiral for 5=0.1 is denoted, then ∆θ4<0.01 for 0<t<0.3576=64.37% 

Hence, we think is also close to an eigen function. 

Example 5 
Here α = l, 9=0 or 1, the other parameters are as Example 4. It is another example where 

the inital perturbation is far from an eigen function, but the motion of the maxima follows the 
self-similar law for 0<t <0.3481 =90.53% (see Figure 3e). The first of the maxima disappears 
at time 0.3820, the second 'dies' in comparison with the third when t→ =0.3845. 

NUMERICAL METHOD FOR SOLVING THE PARABOLIC PROBLEM 

The weak form of the problem (19)-(24) is: 
Find u0(r,φ)єC(0,To) x D: 

which satisfies the boundary conditions (20)-(23) and: 
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Here: 

Let Ωh be a partition of Ω into rectangular elements 
be the space of continous functions on 

which are bilinear on each rectangle. Let be the standard basis of Sh: ψij(ri,φj)= 1, 
ψij(rp,(rq,φq)=0 if p≠i or q≠j. But, ψ1 

That is why we choose: 

to be a test function instead of ψ1j, j = 1,2...,m + l. We do this because, if u is interpolated on 
the basis 

it is natural that u11(t)=u12(t)=... = u1m+1(t) (we use polar coordinates, so u(t,0,φ) must not 
depend on φ). Then: 

Thus we replace the conditions: 
(ui,ψij)=A)t;u,ψij), j= l,2...,m +1 

by their sum. In this way the time for solving the problem decreases essentially. To make our 
trial functions periodic, instead of ψi1 and ψi(m+1), i=2, l+1 we choose: 

The other test functions remain the same: 

So our set of trial functions is 
Let uh(t,Φ) denote the approximate solution: 

(27) 

and let us interpolate the nonlinear functions g(u) and f(u) on the same set of test functions: 

(28) 

Using (27), (28) and the lumped mass method, our semidiscrete problem may be written in a 
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matrix form: 

or in a normal form: 

in which is the lumped mass 

matrix: 

Note the two advantages of this method (it is a combination of the so-called 'product-
approximation' method20,21 and the lumped mass method22). 

• the stiffness matrix K does not depend on the unknown solution u(t,r,φ); so it is calculated 
only once (only nonzero elements are stored) and is then multiplied by the vector g(u) at 
every time step; 

• the mass matrix is diagonal, so we have not any difficulties in finding and the 
system of ODE (29), (30) may be written in normal form. 

To solve the system (29), (30), we use a modification of the explicit Runge-Kutta method23 

which is second order accurate in time and has an extended region of stability. The time step Τ 
is chosen automatically so as to guarantee relative stability and a desired accuracy ε in the 
whole time interval. 

We have not analyzed theoretically the error of the approximate solution. But we have 
performed a detailed numerical analysis of the accuracy of the approximate solution. The radially 
symmetrical case (when uφ≡0) is examined in24, the case of Cartesian coordinates is considered 
in25. In26 the case of polar coordinates is investigated, but when the solution u(t,r,φ) has some 

axes of symmetry—i.e. the condition holds instead of (22), (23). The method 

proposed here is tested on the equation: 

with boundary conditions (20H23), the initial condition (24) and for g(u) and f(t,r,φ), defined below. 

Example 1 

In this case the problem (31), (20)-(24) has the exact solution 
u(t,r,φ)=f1(r,φ)t 

We have calculated the approximate solution uh using three partitions of Ω with 64, 256 and 



510 S. N. DIMOVA AND D. P. VASILEVA 

1024 elements respectively. The error: 

where Mi is the set of the nodes of the i-th partition, decreases four times from one partition to 
the next: 

Example 2 
f(t,r,φ)=f1(r,φ)/(1-t)2+f2(r,φ)/(1-t), u0(r,φ)=f1(r,φ), g(u), f1(r,φ), f2(r,φ) and Ω are the same 

as in the Example 1. The test problem has the exact blow-up solution u(t,r,φ)=f1(r,φ)/(1—t). 
The approximate solution uh is calculated using the same three partitions of Ω as in Example 

1. The experiments show that up to time t=0.9900 the error decreases four times from one 
partition to the next. The blow-up time T0 = l is re-established with accuracy 10 -15 . 

CONCLUSIONS 

The numerical realization of the blow-up spiral wave solutions of the nonlinear heat-transfer 
equation with a source shows the possibility for the existence of spiral structures in the 
corresponding nonlinear medium with parameters σ and β, Σ > 0 , 1 < Β < Σ + 1 . One very 
interesting fact we have observed is the self-preservation of these structures (in spite of their 
closeness to the space homogeneous solution) to more than 99% of their life. Of course the 
problem for finding the exact eigen functions, describing the spiral propagation of the 
inhomogeneities in the nonlinear medium, remains an important open one. Moreover,the 
existence of eigen functions having significant perturbations from the homogeneous solution or 
even vanishing on infinity is under question. Another interesting problem to be considered is 
for the case 
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